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The d ispers ion  r e l a t ions  f o r  a f i n i t e  temperature two-component 
plasma subjected t o  crossed e l e c t r o s t a t i c  and magnetostatic f i e l d s  have 
been derived using the  coupled Boltzmann-Vlasov-Maxwell equations under 
the one-dimensional, small-signal assumptions. The derived d ispers ion  
r e l a t i o n  i s  given i n  a form i n  which var ious c h a r a c t e r i s t i c  modes of the  
system can be r e a d i l y  i d e n t i f i e d .  
l a r l y  s u i t a b l e  f o r  a study of the coupling between the t ransverse 
c i r c u l a r l y  polar ized wave and the longi tudina l  wave. Inspect ion of the  
d e r i v d  d ispers ion  r e l a t i o n  reveals  t h a t  the  coupling of t he  longi tudina l  
mode t o  the  t ransverse mode may take place i n  the presence of a t r ans -  
verse  e l e c t r o s t a t i c  f i e l d .  
Moreover it i s  given i n  a form pa r t i cu -  
The derived d ispers ion  r e l a t i o n  i s  examined i n  d e t a i l  f o r  a 
Maxwellian plasma i n  the case of longi tudina l  propagation. As an i l l u s -  
t r a t i o n ,  t he  de t a i l ed  ana lys i s  of the  d ispers ion  r e l a t i o n  i s  ca r r i ed  out  
f o r  a homogeneous, e l e c t r i c a l l y  n e u t r a l  e l ec t ron  gas i n  which the  thermal 
ve loc i ty  of the e l ec t ron  is  taken i n t o  account, but  the ion  motion is 
neglected.  The v a r i a t i o n  of r e f r ac t ive  index with var ious system param- 
eters, such as X = (w'/w'), and Y 
conditions of l o w  temperature and a w e a k  applied e l e c t r o s t a t i c  f i e l d .  w 
and wz are the  plasma frequency and cyclotron frequency of the e l ec t ron  
respec t ive ly ,  and w i s  the angular  frequency of t he  t ransverse e l e c t r o -  
magnetic wave. 
parameters, &-,.e presented and discussed. 7 (c2/v:) denotes the  square 
of the  r e f r a c t i v e  index, where c i s  the speed of l i g h t  i n  vacuum, and vo 
i s  the phase v e l o c i t y  of the t ransverse electromagnetic wave under 
cons idera t ion .  6 = (m/2KT) (E,/B,)' and 7 E (2KT/mv02) i n  which m is  the  
e l ec t ron  mass, K i s  the Boltzmann constant  and T the  e l e c t r o n  temperature. 
Bo i s  the  magnetostatic f i e l d  present  i n  the  system along the  d i r e c t i o n  
of wave propagation and E 
perpendicular t o  B . 
(wz/w), has been s tudied under the 
P 
P 
The p l o t s  of rl v s .  X,  and 7 vs .  Y, with 6 and 7 as 
i s  the applied e l e c t r o s t a t i c  f i e l d  which i s  
0 
0 
It is  shown tha t  the presence of an appl ied t ransverse  e l e c t r o -  
s t a t i c  f i e l d  E i n  the  e lec t ron  gas has two i n t e r e s t i n g  e f f e c t s  upon 
the  propagation c h a r a c t e r i s t i c  of the  t ransverse  c i r c u l a r l y  polari5ed 
electromagnetic wave, which t r ave l s  along t h e  magnetostatic f i e l d  Bo: 
0 
1. The cutoff  frequency of the  electromagnetic wave, wo, s h i f t s ;  
e , g , ,  an  inves t iga t ion  of t h e  cutoff  condi t ion revea ls  t h a t ,  f o r  a given 
an increase i n  E w i l l  cause the  cu tof f  frequency of t he  lef t -hand 
c i r c u l a r l y  polar ized wave t o  increase,  while it causes t h a t  of the r i g h t -  
hand c i r c u l a r l y  polar ized wave t o  decrease.  
0 
2. The longi tudina l  plasma o s c i l l a t i o n  may be coupled t o  the  
t ransverse  electromagnetic wave, which i s  r e fe r r ed  t o  as " e l e c t r o s t a t i c  
coupling". The temperature e f f e c t  i n  the  e l e c t r o s t a t i c  coupling has 
been examined and it i s  observed t h a t  the "coupling ve loc i ty" ,  i .e., 
the  v e l o c i t y  a t  which the  e l e c t r o s t a t i c  coupling may take  place,  depends 
upon the  e l ec t ron  temperature T; e .g., an increase  i n  T causes the  
coupling ve loc i ty  of the left-hand c i r c u l a r l y  polmized  wave t o  increase 
and the coupling ve loc i ty  of the  right-hand c i r c u l a r l y  polar ized wave t o  
increase when o > cu . 
Z P  
. 
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EFFECT OF E Z C T R W T A T I C  F I E L D S  ON THE PROPAGATION OF ELECTROMAGIETIC 
WAVES I N  A FINITE TEMPERATURF: MAGNETOACTIVE PLASMA 
I .  INTRODUCTION - 
A theory of growing electromagnetic waves w a s  advanced some years 
ago by 
extension of t he  well-known magnetoionic (MI) theory of Appleton and 
o the r s .  In h i s  treatment the  random Eotion of charged p a r t i c l e s  i s  
taken i n t o  account by means of Maxwell's l a w  of momentum t r a n s f e r .  From 
a de ta i l ed  study of the case i n  which both s t a t i c  e l e c t r i c  and magnetic 
f i e l d s  are p a r a l l e l  t o  the  d i r ec t ion  of wave propagation, Bailey' concludes 
t h a t  wave amplif icat ion i s  possible i n  c e r t a i n  frequency ranges, and he 
has used the  theory t o  explain the  excess noise r a d i a t i o n  observed i n  
sunspots. However, Bai ley ' s  theory of amplified c i r c u l a r l y  polarized 
waves i n  an  ionized medium has been c r i t i c i z e d  by Twiss3 and Piddington4. 
Twiss points  out  t h a t  the growing wave which Bailey i n t e r p r e t s  as an 
i n  h i s  electromagnetoionic (Em) theory, which i s  a n  
om-1 4 Cia i i  brz~~~e 
UrUyLJLAA LLU 
n o m  "rlLy n m l T r  be exci ted by7 r e f l e c t i o n  and it is arg-ied t h a t  
t h i s  can explain ne i ther  the excess r ad ia t ion  observed from sunspots nor 
the excess noise observed i n  discharge tubes.  
Piddington has examined Bai ley ' s  theory a l s o  for  the  case i n  which 
the ionized gas d r i f t  and the wave normal are both i n  the  d i r e c t i o n  of 
the s teady magnetic f i e l d .  He concludes t h a t  Bailey's theory p red ic t s  
spurious growing waves which do not correspond t o  any interchange of 
energy between gas and f i e l d .  
presence of a steady e l e c t r i c  f i e l d  introduces no new wave forms although 
it modifies the e x i s t i n g  waves. 
Piddington f u r t h e r  po in ts  ou t  t h a t  t he  
I -2- 
I n  analyzing the  d ispers ion  r e l a t i o n s  i n  a f i n i t e  temperature magneto- 
ac t ive  plasma t h i s  author’ recent ly  found t h a t  when the  ex te rna l ly  appl ied 
s t a t i c  e l e c t r i c  f i e l d  i s  not p a r a l l e l  t o  the s teady magnetic f i e l d ,  which 
i s  d i r ec t ed  along the d i r ec t ion  of wave propagation, coupling between 
the t ransverse and longi tudinal  waves i n  the plasma can take  p lace .  
The purpose of the  present  r epor t  i s  t o  inves t iga te  the  e f f e c t  of 
ex te rna l ly  applied e l e c t r o s t a t i c  f i e lds  upon the  propagation c h a r a c t e r i s t i c s  
of electromagnetic waves i n  a plasma pervaded by a s t a t i c  magnetic f i e l d .  
From the  coupled Boltzmann-Vlasov-Maxwell equation, a small-amplitude, 
one -dimensional ana lys i s  i s  considered. 
11. B A S I C  EQUATIONS - -  
Consider a plasma composed of two species  (pos i t i ve  ions and 
e lec t rons)  i n  which c o l l i s i o n  e f f e c t s  are negl ig ib le .  The e l ec t ron  
d i s t r i b u t i o n  funct ion f(r ,v,$) and the  ion  d i s t r i b u t i o n  func t ion  F( r ,v , t )  
f o r  t h i s  plasma are governed by the  Boltzmann-Vlasov equation: 
+ +  ++ 
af + at+ v.Vf - 5 m (Z+ v”x Bf.VVf = 0 , 
at F + ? 4 7 F + ; ( E + + 7 x B f . v v f  = 0 , ( 1b) 
where m and M denote the e l ec t ron  and ion  mass r e spec t ive ly  and e i s  the 
e l ec t ron ic  charge which i s  taken as a pos i t ive  quan t i ty .  The e l e c t r o -  
magnetic f ie lds  i n  the plasma are governed by the  M a x w e l l  equations: 
( 2 4  
(2b) 
a z  v x 3 =  - a t ,  
+ + a 2  V X H  = J + =  , 
4 
and 
-3- 
. 
0.; = p 
-) 
V*B =: 0 . 
4 + 
The e l e c t r i c  displacement vector D and the magnetic f l u x  dens i ty  B are, 
respect ively,  r e l a t ed  t o  t h e  e l e c t r i c  f i e l d  i n t e n s i t y  E and the magnetic 
f i e l d  i n t e n s i t y  H i n  the following manner: 
-+ 
-+ 
-+ D ” =  E E  
0 
and 
B’ = Po$ 
where E and p denote the d i e l e c t r i c  
vacua. 
0 0 
The convection cur ren t  densi ty  
? ( 3b) 
constant  and the permeabili ty of 
3 
J and the charge dens i ty  p may be 
w r i t t e n  i n  terms of t he  d i s t r i b u t i o n  funct ion as 
and 
p = e [(F - f)d3v . (4b) 
I 
Consider a l l  quan t i t i e s  of i n t e r e s t  t o  be composed of two p a r t s ,  a t i m e -  
independent p w t  and a time-dependent part which are denoted by the  
subscr ip ts  0 and 1 respectively: 
-4- t 
and 
I n  t h e  present paper t he  following assumptions are made: 
1. Small-amplitude conditions are s a t i s f i e d  so t h a t  t he  terms 
involving t h e  product of time-dependent q u a n t i t i e s  are neg l ig ib l e .  
2.  A one-dimensional ana lys i s  i s  appl icable ,  i .e ., a l l  q u a n t i t i e s  
vary  only w i t h  one s p a t i a l  va r i ab le ,  and a/ax = a/by = 0 i n  a rec tangular  
Cartesian coordinate system. 
3 .  A l l  time-dependent q u a n t i t i e s  have harmonic dependence of t he  
form exp[ j (cut  - kz) 3 
propagation constant r e spec t ive ly .  
where cu and k a r e  the  angular frequency and the  
Based on the above assumptions, and the  s u b s t i t u t i o n  of Eqs. 5 i n t o  
Eqs. 1 through 4, t h e  following set  of equations governing the  time-varying 
q u a n t i t i e s  i s  obtained: 
-5 -  
. 
+ (Eoz + VxBoy - VyBox ) av ,) 
Z 
af 
0 
af 
= e ((Elx + v B - v B ) + (Ely + vzBlx - VxBIZ) -$ 
Y m Y 1 z  z l Y  
+ v B  - v B  ) 
+ ( E I Z  x 1y y 1x 
aF1 ) 
+ (Eoz + vxBoy - vyBox) F Z 
0 
aF 
0 
,F 
= - ((Elx + v B - v B ) + (Ely + vzBlx - vxBIZ) 
Y Y 12 z l Y  
+ v B - v B ) aFo)  , (6b) 
+ ( E I Z  x 1y y 1x 5
a 3  
az2 c2 l Y  
ly+ Z E  = juy',JlY , 
-6- 
J 
and 
F e [ ( F  - f )d3v ( 6h) 
1 1 
where c i s  the speed of l i g h t  i n  vacuum . 
On t h e  o ther  hand the time-independent q u a n t i t i e s  are r e l a t e d  t o  
one another i n  t he  following manner: 
aF e +  + +  
+ - (Eo + v x Bo) * VvFo = 0 'z M 
+ = e J ?  (Fo - fo)d3v 
JO 
Po - e [(Fo - fo)d3v . 
Now consider a transformation of v e l o c i t y  va r i ab le  coordinates given by 
. 
-7- 
. and f o r  convenience of discussion def ine the quan t i t i e s  2 and a”by 
C 
Then Eq. 6a can be transformed5, with the  a id  of E q .  6% i n t o  
(10) 
0 
af o e  af e e = - m - o -  M (f )E  e’ + E M+(fo)E+ e-jcp + ii E I Z  av - m acp ’ Z 
- 8- 
and the  d i f f e r e n t i a l  operator D is  defined by 
It should be no ted  t h a t  E 
t he  e l e c t r i c  f i e l d  of the  left-hand and right-hand c i r c u l a r l y  polarized 
and E+ appearing i n  E q .  10 correspond t o  
waves respect ively.  
I11 DISPERSION RELATIONS 
Suppose t h a t  the pos i t ive  z -d i rec t ion  i s  taken i n  the  d i r e c t i o n  
--f 
of the  magnetostatic f i e l d  Bo, i .e ., Box = B 
EG.  6c, BIZ i s  independent of z and it i s  taken t o  be zero i n  the  present  
d i scuss ion  (which i s  reasonable f o r  longi tudina l  propagation) . 
= 0 so  t h a t  u+ = 0. From - OY 
Now consider t h a t  the  time-varying e l e c t r o n  d i s t r i b u t i o n  funct ion 
f i s  composed of three  p a r t s  and may be wr i t t en  as: 
1 
where the f i r s t ,  second and t h i r d  terms of the  right-hand s ide  can be 
regarded as the d i s t r i b u t i o n  of those e l ec t rons  associated with the  r i g h t -  
hand c i r cu la r ly  polar ized,  left-hand c i r c u l a r l y  polar ized and longi tudina l  
waves respect ively.  Since Eq .  10 must be v a l i d  f o r  an a r b i t r a r y  value of 
p, the  subs t i t u t ion  of Eq .  13 i n t o  Eq.  10 y i e l d s  the following system of 
e qua t i  ons ’: 
e af 
j ( c 0  - kvz t uZ)f- - az e - a- & = -MM_(fo)E- m , (14a) 
Z I 
-9- 
j (u ,  - kvz - cuZ)f+ - aZ af+ - a+ $ = ;;;MI e (fo)E+ (14b) 
Z I 
and 
which c l e a r l y  suggests t h a t  no coupling between the t ransverse mode and 
the  longi tudinal  mode can take place when a+ and a a r e  zero, which i s  
the  case when the t ransverse e l e c t r o s t a t i c  f i e l d  i s  zero.  
- 
I n  the present  inves t iga t ion  it i s  assumed t h a t  a = 0, i .e . ,  
Z 
E 
primary concern. This assumption i s  equivalent  t o  assumhng t h a t  the 
condition of e l e c t r i c a l  n e u t r a l i t y  i s  s a t i s f i e d .  For t h i s  case, it i s  
possible  t o  solve the  system ofEqs .  14 f o r  f , f+ and g e x p l i c i t l y  i n  
terms of E , E+ and EIZ as follows: 
= 0, s ince  the  e f f e c t  of the t ransverse e l e c t r o s t a t i c  f i e l d  i s  of 
oz 
- 
- 
f = k E t k  E + + k  EIZ , 
11 - 12 13 - 
g = k E t k  E + + k  E 
31 .. 32 33 1 z  ’ 
where 
-10- . 
k 
11 
k 
21 
e - 5 m M t ( f o )  
= O , k  = 
22 b - uz 
a e +  
m v  - 2 - - M - ( f o )  
I 
32 
k =  b(b + uZ) , k  
31 
0 
Z 
af e 
m K  4a - a+ - j  - 
+ j -  
V I 
b k =  33 
_ -  e a p0j 
m a- ,% 
k =  
13 b(b  + wz) 
e 
23 b(b  - uz) 
I k =  
a - 2 - e -  - M + ( f o )  
m v  
b(b2 - uz) 2 
i n  which b 4 (w - hZ). 
Simi lar ly  the  ion  d i s t r i b u t i o n  func t ions  may be w r i t t e n  as 
and i n  view of the  f a c t  t h a t  E q s .  6a and 6b have exac t ly  t h e  same form, 
the s u b s t i t u t i o n  of E q .  17 i n t o  E q .  6b y i e l d s  a system of equations 
governing F , F, and G which i s  similar t o  the  system of E q s .  14.  
def in ing  R and A as 
By - 
+ + 
+ e +  + -e + 
fi = - - B  and A = y E o  , M o  
F , F, and G can be expressed i n  terms of E , E+ and EIZ as - - 
where 
- 11- 
F - = K E t K  E + + K  E 
11 - 12 13 12 ’ 
F, = K E t K  E + + K  E , 
21 - 22 23 12 
G = K E t K  E + + K  E 
31 - 32 33 1 z  ’ 
. 
L 
z )  b(b  = R 
, K  = 
b(b  t QZ) 32 
K =  
31 
0 
aF j e j4A-A+ $e) 
7. 
where A+ - E (1/2) (Ax * jAy)  and QZ-E [ (  -e/M)Bo,] . 
When the  time-varying d i s t r i b u t i o n  functions are expressed 
e x p l i c i t l y  i n  terms of the  time-varying e l e c t r i c  f i e l d ,  t he  convection 
cu r ren t  dens i ty  J and the  space-charge dens i ty  p can then be expressed 
+ 
1 1 
i n  terms of t he  e l e c t r i c  f i e l d  wi th  the  a i d  of Eqs .  6g and 6h r e spec t ive ly .  
On the  o ther  hand, the e l e c t r i c  f i e l d  is r e l a t e d  t o  the  cur ren t  dens i ty  
by Eqs. 6d, 6e and 6f so t h a t  it can be expressed as 
-12- 
When E q s .  13, 15, 17 and 19 are subs t i t u t ed  i n t o  E q s .  21, t h e  following 
s e t  of equations is obtained: 
E = R E + R  E + + R  EIZ , 
11 - 12 1.3 - 
E+ = R E + R  E + + R  E 
21 - 22 2.3 1 z  ’ 
E = R E + R  E + + R  E 
1z 31 - 3 2- 33 1z ’ 
where 
i n  which t h e  in t eg ra t ion  operators P(S) and Q ( S )  are defined by 
0 0 0 0  
Q ( S )  E je 1 ;i’ S(vl,vz)v L Z  v dvIdvz , 
0 
--co 0 
,v,) a r e  defined by 
P,& 
and the functions S 
. -13- 
. 0 
0 
0 
(25) 
f o r  I = 1, 2, 3; p = 1, 2, 3; and q = 1, 2, 3, and where k and K 
P,q P,9 
a r e  given i n  Eqs 
Therefore 
D(w,k) = 
16 and 20 respec t ive ly .  
the  dispersion r e l a t i o n  of the  system i s  given by 
[R - 1) R 
11 12 
R 
13 
R 
31 
R 
32 
(R - 1) 
33 
It should be observed t h a t  once t h e  time-independent d i s t r i b u t i o n  functions 
f and F are known, the  parameters k and K a re  spec i f ied  s o  t h a t  
t he  elements of the  determinants, R are determined. Thus t he  d ispers ion  
r e l a t i o n  can be analyzed t o  obtain the  information on the  propagation 
c h a r a c t e r i s t i c s  of the  waves i n  the  system. 
0 0 P,q P, 9 
P, 9’ 
N. MAXWELLIAN PLASMA - 
The time-independent d i s t r i b u t i o n  func t ions  fo  and Fo must s a t i s f y  
+ 
Eqs. 7a and 7b respec t ive ly ,  i n  which the  e l e c t r o s t a t i c  f i e l d  E can be 
w r i t t e n  by E 
0 
+ + +  + 
-Es + Ea where E 
0 a represents  the  e x t e r n a l l y  applied 
-+ 
S 
e l e c t r o s t a t i c  f i e l d  and E represents  the space-charge f i e l d .  For the  
present one-dimensional ana lys i s ,  E i s  d i r ec t ed  i n  the  z -d i r ec t ion .  By 
assumption Ea i s  perpendicular t o  Bo, which i s  i n  the  p o s i t i v e  z -d i rec t ion .  
Suppose t h a t  the pos i t i ve  y -d i r ec t ion  i s  taken i n  t he  d i r e c t i o n  of applied 
-+ 
S 
+ -+ 
uniform e l e c t r o s t a t i c  f i e l d ;  then it i s  not d i f f i c u l t  t o  show t h a t  the  
func t ion  f ( L , V ~ ~ V ~ ,  v j has the form (see Appendix A f o r  d e t a i l s ) ,  
0 
- + v2 + v:] - ( 2 e / m ) ~ ( z ) )  
Y , (27) 
-a( [ !vx 
fo = n e  0 
where 11 1 s the normalization constant . The e l e c t r o n i c  d r i f t  v e l o c i t y  
cig and the space-charge p o t e n t i a l  0 are given by 
0 
r e spec t ive ly .  Since it i s  assumed i n  the  previous s e c t i o n  t h a t  
E = E =: 0, CP must be independent of z .  The time-independent 
d i s t r i b u t i o n  func t ion  f i n  the  case of a homogeneous plasma, therefore ,  
can be given as 
8 oz 
0 
where n i s  the number dens i ty  of e l ec t rons ,  ae e (m/2KTe) wi.th K denoting 
the  Boltzmann constant,  and T i s  the  e l e c t r o n  temperature e 
the  f a c t  t h a t  t h e  e l e c t r o n i c  d r i f t  ve loc i ty  u depends ne i the r  on the 
r a t i o  of charge t o  m a s s ,  nor on t h e  i n i t i a l  v e l o c i t i e s ,  it i.s t h e  same 
f o r  e l e c t r o n s  and ions regard less  of t h e i r  energy. 
ion  d i s t r i b u t i o n  func t ion  F can be w r i t t e n  as 
I n  view of 
The time-independent 
0 
-15- 
where N i s  the  number dens i ty  of ions,  ai 
the  ion  temperature. 
(M/2KTi), with Ti denoting 
Since the form of the  time-independent d i s t r i b u t i o n  funct ions f 
0 
and F i s  specif ied,  R can be evaluated.  A f t e r  some a lgebra ic  
manipulation the following expressions a r e  obtained (see Appendix B .1 
f o r  the detai ls) :  
0 P9 
(2pq + 6q) + 6 G (Uo) - Yq(2pq  + Pq)Go(U-q)) , 
9 0  9 12 9 
-16- 
-17- 
where 
S 9 E j V X  9 9  , vq = ( Gquo, , xq I 
and 
for q = 1 and 2, and x The subsc r ip t  q 
takes  values of 1 or 2,and the quan t i t i e s  appearing i n  E q s .  30 w i t h  
subscr ip t  1 denote those associated with the  e l e c t r o n  and those with 
may i n  genera l  be complex. 
Y 
-18- 
subsc r ip t  2 are f o r  t h e  i o n .  The Summation i n  E q s .  29 i s  taken over both 
components of t he  plasma. 
It should be noted t h a t  t h e  i n t e g r a l  (31) has been discussed 
i n  d e t a i l  by Stix‘ and h i s  r e s u l t s  can be applied t o  the  present 
d i scuss ion .  
property6. 
The func t ion  G (X ) has an  i n t e r e s t i n g  asymptotic expansion 
0 9  
Using t h i s  property, i f  the  condition 
i s  satisfied, then Go(X ) may be approximated by 
9 
- L ( l +  2( &x l ?  ) =  
q 9  
G x  
- 
9 9  
so  t h a t  
(33)  
On the  o the r  hand, i f  t he  condition 
is  s a t i s f i e  
62 << 1 
9 
, then 
(35 )  
-19- 
Through use of the  above approximations, Eqs . 34 and 36, Eqs. 29 become 
R = L d 8 7 X  A 
32 32 ’ 
where 
-20 - 
yq ) ,  + 2 (1 - Yq) 
6 
- - 1  1 , I T .  = 7q v2 11 1 + y  9 ’ - - -   12 
9 
It should be observed that as 6 -+ 0, R 
off-diagonal t e rms  of the determinant in Eq. 26 vanish, which indicates 
that the coupling between the modes disappears as expected from the 
discussion in Section 111. 
+ 0 for p # q so that the 
P9 
Equation 26 then becomes 
-21- . 
which implies t h a t  
and 
(39)  
i n  which Eqs . 40a and 40b are those given by Montgomery and Tidman8. 
i s  of i .nterest  t o  note t h a t  as  7 + 0, i .e ., the plasma temperature 
approaches zero, Eqs. 40 are reduced t o  the  following familiar expressions 
i n  the  cold-plasma magnetoionic theory: 
It 
and 
o2 = 1 aiq , 
where q i s  t h e  square of $he r e f r a c t i v e  index of t h e  wave; i .e. ,  V E 
(c2k2/u2). Equations 41a and 41b a r e  simply t h e  d ispers ion  equations 
-22- 
f o r  t he  left-hand and right-hand c i r c u l a r l y  polar ized waves respec t ive ly ,  
and E q .  41c i s  t h a t  of the  longi tudina l  plasma o s c i l l a t i o n .  On the  o ther  
hand, i n  the case where 6 # 0, but  7 = 0, R , R R and R are a l l  
13 23' 31 32 
zero, which suggests t h a t  the  plasma temperature undoubtedly has an  e f f e c t  
on the e l e c t r o s t a t i c  coupling. The term " e l e c t r o s t a t i c  coupling" i s  
introduced h e r e  t o  descr ibe the phenomenon of coupling between the  
longi tudina l  wave and the  t ransverse  wave i n  t h e  presence of a t ransverse  
e l e c t r o s t a t i c  f i e l d .  The temperature e f f e c t  i n  t h e  e l e c t r o s t a t i c  coupling 
f o r  an e l ec t ron  gas i s  considered i n  d e t a i l  i n  t he  following sec t ion .  
- -  V .  A HOMOGENEOUS NEUTRAL ELECTRON - GAS 
The analysis  of the  d ispers ion  r e l a t i o n  i s  ca r r i ed  out  i n  d e t a i l  
here f o r  a homogeneous n e u t r a l  e l e c t r o n  gas i n  which the thermal v e l o c i t y  
of t he  e lec t rons  i s  taken i n t o  account; however the  i o n  motion i s  
neglected.  Suppose t h a t  the  appl ied e l e c t r o s t a t i c  f i e l d  i s  s u f f i c i e n t l y  
weak so t h a t  t he  condi t ion 
i s  s a t i s f i ed .  
condi t ion  (32) , E q .  26 can be expanded i.nto the  fol lowing form (see 
Appendix B.4 f o r  d e t a i l s ) :  
Then, using the  f a c t  t h a t  y2  << 1 i s  assumed, which i s  
-23 - 
where Q Qo + 7Q , 
1 
Y = Y + 7 Y  , 
II = n + 7 n  , 
0 1 
0 1 
0 1 
A s A + 7 A  , 
i n  which 
Q - (1 + S2Y2) , 
O = = E -  
5 
- 2  A - -  
0 - E ’  
w i t h  5 G (1 - y2). 
Since Eq .  43 i s  a quadratic 
9 (44) 
i n  7, it can be solved f o r  7 as 
follows, provided t h a t  (QX - Y) # 0 :  
(45) 
Z(QX - Y) 7 = 1 -  
(IIX - A) k J(rrX - A ) 2  - 4(QX - Y)(X - 1) 
It should be noted tha t  when 6 = 0 from Eqs. 44, it is e a s i l y  seen t h a t  
@ = Y and II = A so t h a t  Eq.  43 becomes 
-24- 
and Eq .  45 accordingly becomes 
20x 
q = 1 -  9 n +&F-Iz 
i n  which 
~ I = A =  
On the o ther  hand,in 
X 
'(2 5 + z- E 2  (1 + Y2)) . 
t he  case where 6 = 0, E q s .  40 y i e ld  
, = 
X +A) 
(1 - 7) (3 (1 - Y)" 
I =  
and 
l = X .  
It i s  not d i f f i c u l t  t o  show t h a t  upon s u b s t i t u t i n g  0 and TI given by 
E q s .  48 i n t o  Eq. 46, t h e  left-hand side o f  Eq. 46 can be wr i t t en  as t h e  
product of t h r e e  f a c t o r s  which leads t o  Eqs  . 49 as i s  expected. 
Based on E q .  43, or equivalent ly  on Eq .  45, with 7 and 6 as 
parameters, 7 vs .  X and 7 vs . Y are shown i n  F i g s .  1 and 2 respec t ive ly .  
Y vs .  X for the case of 7 = 0, which corresponds t o  t h e  cutoff  condition, 
is  shown i n  F i g .  3 .  
. -25 - 
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It should be observed that the dispersion equations for the 
uncoupled mdes are given in Eqs. 49 which are, respectively, for the 
left-hand circularly polarized wave, the right-hand circularly polarized 
wave and ,he longitudinal plasma oscillation. The plot of Tl vs. X based 
on Eqs. 49, is shown in Figs. 4. 
The plots of 7 vs. X and To+ vs. X are shown in Fig. 4a for 
the case of Y < 1 and in Fig. 4b for the case of Y > 1 respectively, 
where 7,- denotes the value of 'q obtained from Eq. 49a, and vo+ denotes 
that obtained from E q .  49b. The intersection point between the plot of 
0- 
vs. X and the line X = 1 in the v-X plane represents the "coupling 
TO - 
point" between the left-hand circularly polarized wave and the plasma 
oscillation provided that 7 > 0. 
plot of 7 vs. X with the line X = 1 represents the "coupling point" 
between the right-hand circularly polarized wave and the longitudinal 
plasma oscillation. 
coupling between the transverse electromagnetic wave and the longitudinal 
plasma oscillation takes place, i.e., the "coupling velocity", can be 
determined from the coupling point. On the other hand, from E q s .  49 or 
Figs. 4 it is not difficult to see that the coupling point depends upon 
the parameter 7, which in turn depends on the plasma temperature T. 
example, for a given value of Y < 1, an increase in y causes 9 
which in turn causes an increase in the coupling velocity. 
Similarly the intersection point of the 
O+ 
The velocity of the electromagnetic wave at which 
For 
to decrease, 
0- 
For Y > 1 (e.g., see Fig. 4b) an increase of 7 causes To- to decrease 
SO that the coupling velocity increases, while it causes 7 
SO that the coupling velocity decreases. 
to increase 
O+ 
In view of the fact that 
-3 
-31- 
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y E (1/P) = (2KT/mvz), where v 
magnetic wave, Eqs .  49a and 49c give 
is the phase velocity of the electro- 
0 
and E q s .  49b and 49c give 
2 - E *  1 
7 
(1 - Yo)= c2 = (1 - 1 - Yo >.o+ m 
where y E ("-',/up), and v 
of the left-hand and right-hand circularly polarized waves respectively. 
and Vo+ denote the coupling phase velocity 
0 0- 
It should be noted that an increase in T causes v to increase 
for y > 0, and yo+ to decrease for the case y 
0 0 
temperature appears to have an interesting effect on the coupling velocity 
0-  
> 1. Thus the plasma 
of electromagnetic waves under the electrostatic coupling. The term 
"electrostatic coupling" is introduced here to describe the phenomenon 
of coupling between the longitudinal wave and the transverse wave in the 
presence of a transverse static electric field. 
On the other hand, since the cutoff of an electromagnetic wave 
occurs when its propagation constant k becomes zero, the "cutoff condition" 
for the transverse mode can be obtained by setting both 11 and 7 equal to 
zero in the derived dispersion relation; Eq. 26, with the aid of Eqs. 37, 
38 and condition(42). This condition can be expressed in the following 
form: 
2 
62Yz 
- -  - Y E + - $ )  9 
x4 
-34- 
- where x E (0) /a ) i s  the  normalized cutoff  frequency, and yo = (oZ/up) 
i s  the normalized cyclotron frequency, with uo being t h e  cutoff  frequency. 
Once the  values of yo and 6 a r e  spec i f ied ,  Eq. 51 can be solved f o r  x, 
and thus w can be determined. 
respec t  t o  6 can be e a s i l y  observed with the  a i d  of a graphica l  method 
O P  
However, t he  v a r i a t i o n  of a. with 
0 
i l l u s t r a t e d  below 
L e t  F (x)  be the  lef t -hand s ide  and F (x) be the  right-hand s ide  
1 2 
of Eq .  51. If F vs.  x and F vs .  x a r e  p l o t t e d  i n  the  same plane,  as 
i l l u s t r a t e d  i n  Fig. 5, then the  in t e r sec t ion  of t he  two p l o t s  provides 
the  r e a l  root of E q .  51. 
determined, and i f  6 i s  a l s o  spec i f ied ,  then F (x) i s  a l so  determined. 
Thus t h e  in t e r sec t ion  poin t  of two p l o t s  i s  r e a d i l y  determined. It should 
1 2 
Once y i s  given, t he  curve of F (x) i s  
0 2 
1 
be noted tha t  when 6 = 0, the  F -curve coincides with the  x-axis,  and i f  
i t s  in t e r sec t ions  with the  F -curve a r e  denoted by xR and x 
given by 
1 
they a r e  
2 r’ 
x determines u) the  cutoff  frequency of t he  lef t -hand c i r c u l a r l y  
polar ized  wave, and x determines u) the  cutoff  frequency of t he  r i g h t -  
R 01 ’ 
r or  ’ 
hand c i r c u l a r l y  polar ized  wave. It i s  e a s i l y  seen from Fig.  5 t h a t  an 
increase of t h e  parameter 6 l eads  t o  an increase of woP, bu t  t o  a 
s l i g h t  decrease of w e or  
V I .  - CONCLUDING REMARKS 
I n  the present  repor t  the  d ispers ion  r e l a t i o n  f o r  a f i n i t e  temperature 
two-component plasma subjected t o  crossed e l e c t r o s t a t i c  and magnetostatic 
-35 - 
vF,(x) FOR 8=0.2 
I p - - - F ; ( x )  FOR 8=0. 
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FIG. 5 ILLUSTRATION OF GRAPHICAL SOLUTION OF EQ. 51j AND THE 
VARIATION OF CUTOFF FREQUENCY WITH THE PARAMETER 6 .  
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fields has been derived using the coupled Boltzmann-Vlasov-Maxwell 
equations assuming a one-dimensional, small-signal model. The derived 
dispersion relation is given in a form in which various characteristic 
modes of the system can be readily identified and the coupling between 
these characteristic modes can be studied. The investigation of the 
dispersion relation in Section I11 clearly shows the possibility of 
coupling the longitudinal mode to the transverse modes in the presence of 
transverse applied electrostatic fields. 
In order to make a detailed analysis of the derived dispersion 
relation a knowledge of the time-independent part of the distribution 
functions for electrons and ions is required. A Maxwellian distribution 
is considered in detail for the present investigation in Section IV. As 
an illustration, a detailed analysis of the dispersion relation is 
carried out in Section V for a homogeneous, electrically neutral electron 
gas in which the thermal velocity of the electron is taken into account 
but the ion motion is neglected. In the interests of simplicity, the 
conditions 6 << 1 and y2 << 1 are imposed in deriving the dispersion 
relat,ion Fq. 43, 
characteristics of the transverse electromagnetic wave is provided by 
Eqa 43 or equivalently by Eq. 45. 
cutoff condition is obtained. The plots of 7 vs. X and 7 vs. Y, in general, 
represent a family of curves in the 7 - X  plane and in the 7-Y plane as 
shown in Figs. 1, 2 and 3. However, when 6 = 0, Eq. 45 is reduced to 
The desired information with regard to the propagation 
Upon setting q = 0 in Eq. 43, the 
Eq. 47 which represents a family of straight lines for the plot of 7 vs. X 
in the q-X plane, It is shown that the presence of an applied transverse 
-37- 
electrostatic field in the electron gas has two interesting effects upon 
the propagation characteristic of transverse circularly polarized electro- 
magnetic waves : 
1. It causes the cutoff frequency to shift, e.g., an increase in 
the parameter 6 causesu, to increase, 01 
2. It causes the longitudinal plasma oscillation to be coupled to 
the transverse electromagnetic wave, e.g., an increase in the electron 
temperature T causes the coupling velocity of the circularly polarized 
wave to shift (see Section V). 
It must be pointed out that the present investigation merely 
demonstrates the possibility of electrostatic coupling. In order to 
gain a better understanding of the mechanism of electrostatic coupling 
it is necessary to investigate in detail the following aspects: 
conversion between the modes, and (2) effectiveness of coupling of the 
modes. It is intended to carry out this investigation and consider the 
application of the theory to ionospheric phenomena in a f'uture report. 
However, it is of interest to note that if the type of coupling mechanism 
under consideration can be shown to be sufficiently effective, then it 
will provide a reasonable way of explaining phenomena such as cutoff, 
amplification and Landau damping of whistler propagation in the 
ionospheric plasma. 
(1) energy 
and 
APPENDIX A .  VERDICATION THAT f GIVEN EE EQ. 27 
0 
IS  A SOL?TTION OF E&. 7a, 
- a[{(., - u)2 + v2 + vz3 2 - - 2e cD(z)] 
Y m - - n e  
f O  0 
hfo e + + + 
- - (Eo + v x Bo) ‘VVfo = 0 9 vz aZ rn 
+ + +  + + 
where E = E + Ea9 with Es and Ea being t h e  space-charge f i e l d  and t h e  
0 S 
e x t e r n a l l y  applied e l e c t r o s t a t i c  f i e l d  r e spec t ive ly .  For a one-dimensional 
+ - +  + 
ana lys i s ,  E = kEs.  Suppose tha t  Ea i s  taken i n  t h e  pos i t i ve  y-d i rec t ion  
S 
+ 
and Bo i s  i n  t he  pos i t i ve  z -d i rec t ion ,  i. .e ., 
’ = jEa Bo = kBo and E; = ms , 
Ea, 
+ +  where i, J and p a r e  the  u n i t  vec tors  along the  x-, y- and z-coordinate 
axes Since 
I ,  
(v‘ x Bo) .vvfo = (2aufo) [ i  ~ ( v  x Bo) I = ( 2 ~ f o ) ( v y B o >  
+ + + + + 
Eo-Vvfo = (jE, + kl3 ) e ( -  2af v + 2 m f o i )  = -2af v E - 2 0 f o ~ ~ s  , 
S 0 o y a  
Eq. 7a becomes 
-39- 
o e  af - - ( -  2WZfoEs - 202 v E + 2atf v uBo) vz aZ m o y a  O Y  
- v [e fo  (-$ + EB>] + v f (Ea - uBo) = 0 z L  m y o  
s i n c e  (a(s/az) = - Es and Ea = uB . 
0 
APPENDIX B DERIVATION OF VARIOUS EQUATIONS 
B . l  Derivation of Ex. 2: (Determination of R - m' --
Then 
wher c 
Suppose that the time-independent distribution functions F f 
0 01 
and fo f are given as 
02 
where a = (m /2KT ) in which m E M, T E T m E m and T T with q 9 9  1 1 i' 2 2 e 
subscripts 1 and 2 denoting the quantities associated with the ion and 
the electron respectively. n is the number density of the particle. 
Let 
9 
v = v cos9 and v = v sin9 . X I Y I (B . 2 )  
-41 - 
h E ( a q u v L )  , for  q = 1, 2 , 9 
af -+ = - 2 q Y L  - ucosr,)f 
oq ' I 
-&2- 
E x .  - 25 €3.2 Evaluation of S from -a- -
q=3.,2 0 
c s =  
2P 
/
L 
q=1,2 
c 
q=1,2 
f o r  I = 1, 2, 3; p = 1, 2, 3;  a n d , r  = 1, 2, 3 ,  'where 
K q  
11 
Kq 
21 
Kq = 
13 
L 
b(b + o_ ) J -y 
7 
J 
Kq 
32 
Kq = 
23 
0 
K q  
31 b ( b + c u  ) ' zq 
Kq 
33 b(b2 - 9 
i n  which v E e/mq, wzq 3 eBo,/mq, and 
9 
. 
i .e ., 
1 - 1 (a f ja- ) , a: = 5 1 (A, f jA ) . 
Y Y a + - 2  x 
Summation of 
Substituting E q s  A.4 into Eqs. A . 6  gives 
in E q s  B.5 is taken over both species of the constant. 
9 
jcp h COST 
Kq = 0 ,  
21 9 
~q = (cq + ~q e ) e  9 
11 1 1 
jcp h coscp 
Kq = 0 ,  
12 , 
K' = (cq + ~q e ) e  9 
31 2 2 
-jcp h coscp 
9 
q 
-jcp h coscp 
q , ~q = (cq + D~ e )e ~q = (cq + D' e )e 
22 3 3 32 4 4 
-jcp h coscp 
9 Kq = (Gq + Hq e + Hq e )e 
j c p  
13 1 1 1 J 
-44 - 
where 
9 a .  
- 4  a 
S u b s t i t u t i n g  Eqs. A . 7  i n t o  Eqs. A . 3  yields  
-45 - 
-jcp 9 2 9  -j3cp hcoscp 
dcp Y S - 7 [c4e + (c + D )e + D e  ]e 3 12 L I  3 4 
0 
- j  2rg -j3cp hcoscp 
+ H e  ]e dcp 9 2 
+ (G + H )e  
2 3 
j c p  j% j3cp hcoscp 
[ C e  + ( C  + D ) e  + D e  ]e dcp Y s 21 = c s ”  0 2 1 2 1 
J 2cp j3cp hcoscp 
+ ( G  + H ) e  + H e  ]e dcp Y 1 3 1 
-jcp -j2cp hcoscp 
s =  32 ymcc L 4 + ( c  3 + D ) e  4 + D e  3 le dcp > 
0 
-46- 
(Eqs. B.9 cont.)  
-j2cp hcosrp j 29 
+ H e  + H e  ]e drp * (B.9)  
1 2 
I n  t h e  above the  summation, sigma i s  introduced t o  ind ica t e  the  
f a c t  t h a t  t h e  summation i s  over both spec ies  ( e l ec t rons  and i o n s ) .  
subsc r ip t  q associated with the  c o e f f i c i e n t s  C, D, G and H i s  omitted 
here f o r  convenience; however t h e i r  dependence on the  type of p a r t i c l e s  
i s  understood. 
The 
In t eg ra t ion  w i t h  respec t  t o  cp can be ca r r i ed  ou t  with t h e  a i d  of 
t he  following relation7: 
(B. lO) 
where I n ( X )  i s  t h e  n th  order modified Bessel func t ion  of t h e  f i r s t  k ind .  
Furthermore using t h e  following i d e n t i t i e s  : 
7 
t he  functions S (v ,vl), q,p = 1, 2, 3 ,  can be expressed as 
Pq z 
( B . l l )  
+ [ ( W  + H  + G o + G )  
1 2 3 3 
S = &I [ ( C  + D )I (A) + ( C  + D ) I  ( h ) ]  , 
22 3 4 0  4 3 1  
S = { [(G + G + W )  - r H ]  4 Io (h )  
23 1 2 3 1 
3 
+ [(H + W 2 + Go + G 3 ) 
1 
S 31 = 2fx [(C 2 + D ) I o ( h ) +  1 - ; D ) I , ( h ) ]  1 , 
-48 - 
(Eqs.  B . 1 2  cont . )  
The determination of R involves the eva lua t ion  of t h e  following 
in t eg ra t ion :  
P9 
r j 1 S v2dvrdvz ; p = 1, 2, q = 1, 2, 3 , 
P9 P9 r 
--M 0 
C U M  
n n  
S v v dv dv * p = 3, q = 1, 2, 3 (B.13)  = ( / j  p q r z  r z 
-03 0 
which i n  t u r n  involves the  in tegra t ion :  
0 
03 -m2 5 (X) = 1 Xv% Z dv . 
q z Z 
-03 
(B.14) 
To fac i l i t a te  t h e  calculat ion,coeff ic ients  C, D, G and H can be 
w r i t t e n  i n  t h e  following more convenient form; 
c = ju(Z- - zO)yzyr , 
4 
G = - j m 2 [ ( z  + Z+ - ~ z ~ ) v ~ Y ~ ] Y ~  , 
3 - 
where 
w i t h  
b = ( w -  kvz) , 0 3 2a7 w 
9 9 9  
and the  following f a c t s  are used: 
0 - - 1 (z- + z+ - zo) Y - 
2w2 
Z 
b(b2 - 
s ince  i n  the  present  s tudy it i s  considered t h a t  E = 0 and E = E . 
By s u b s t i t u t i n g  Eqs. B.13 i n t o  Eqs. B . 1 2  and then  car ry ing  out  t he  
i n t e g r a t i o n  ( A . 1 3 )  r can be obtained as 
OX OY a 
P9 
- -  ku T E (Z,)) (B.17a) 
0 12:l 
r 
-51- 
-52- 
10 r - (m2 + l ) U T o l  - 23 
+ [- 2Cm2TOl + (au2 + $) UT 10 + a u T  12 ] E2(Z+) 
+ [- r n 2 T O l  + (au2 + ;) UT 10 + auT 12 ] E2(Z-)) . 
It should be noted t h a t  E (Z ) can be w r i t t e n  as 9 f  
5 (z+) = ~ T ~ G ~ ( U + )  - q = 0 ,  1, 2 9 
9 -  
sq(zo) = jy,Gq(uo) , 
and 
(B .17i) 
(B.18) 
-53- 
where 
i n  .which X may be complex i n  general .  
d iscussed i n  d e t a i l  by Stix'. 
The i n t e g r a l  (B.19) has been 
It i s  not d i f f i c u l t  t o  show t h a t  
G (X) = ($ + X2G 0 (X)) . 
2 
Furthermore, by def in ing  the  parameters Y and U as 
0 
y = (2) and U, = (f) Y 
(B.20)  
(B.21)  
one has 
kU- kU- 
(1---&) = Y and (l-$) = - Y  . (B.22) 
Using Eqs. ~ . 1 8 ,  B.20 and B.22, r 
and Go(U+) as 
can be expressed i n  terms of GoPo) 
P9 
- 
1 k  
01 
-UT - UT G Po) + [.... 
12 0 r 11 = - a7,L {- jx 12 - 7  03 
-54 - 
= - %yo UT 12 ) - UT 12 G 0 (uo) + [- (1 + 5) r 
12 
yUTlo 
'YU2T - T (1 + 1> - + (1 i- Y + L,  UT^^] Go(._)> , a m2 m2 01 03 
T 
10 
0' 
r 
13 01 
+ 4acu2~ ) U , G ~ ( U ~ )  + (m3~01 + 0x7 - - U2 T - 2aru2a ) U+Go(U+) 
12 03 2 10 12 
T 7 
- 22 (1 + $) - (1 + 2acu2)T ] U-Go(UJ j , a 12 
( B . 2 3 ~ )  
-55.- 
T 
r = - &rO 1 {- A T (- (1 + m 2 ) U T  - 2QUTOs + - 10 (1 + m2) 
01 a & l2 23 
- (1 + !&XU~)~. ] U+Go(u+) + (m32. + ~ U T ~ ~  - -  U2 T - W 2 T  ) 
12 01 lo 12 
+ ((1 - Y)UT +- yTlo (1 + m2) - T ( B  ,2369 01 a 
yT1o (1 + W2)) - UT U G (Uo) 
01 0 0 
r = - & 7 0 1  3 &(YUT - T - 
32 01 12 a 
Y7 
12 a + ((1 + Y)UTOl - T -  ( B  .23h) 
UT 
(1 + 2m2) (v,) - (2au3~ -  10 01 2 r = - a 7 0  33 
- mT ) [UzGo(U+) + fGo(U-) - 2 3 G  (U,) I} . (B . B i )  
12 0 0  
By using t h e  fact t h a t  
1 I o ( b t )  = Jo(jbt)  and I ( b t )  = J ( j b t )  , 
1 1 
-56 - 
t h e  i n t e g r a l s  T and T can be w r i t t e n  as 
oq lq 
-at2 00 
T = 1 J o ( j b t ) e  t%t , q = 1, 3 , oq 
0 
-at 
T - 1 J ( j b t ) e  t'dt , q = 1, 2 , 
19 j s  1 
0 
(B.24) 
where b (2m) and t V . These i n t e g r a l s  can b e  eva lua ted  by t h e  r 
fo l lowing  formula given by  Watson' : 
C L - 1  
Jy (a t ) exp( -  p 2 t 2 ) t  d t  
0 
where t h e  conf luent  hypergeometric f u n c t i o n  F ( a : p : Z )  i s  de f ined  by 
1 1  
w i t h  
(a ) ,  1 , (a), a(a + 1 ) ( a  + 2) ...( a + n - 1) , 
= - 1 e x p ( w 2 )  T Y T  = & exp(W2) = UT , 
12 2a! 
T 
01 
U 
5 = - F (l:2:W2) atuD T 
10 2 1 1  1 
. .  
T = : -  I F (2:1:w2) = 2 T , 
03 Pa2 1 1 a ( ~ . 2 6 )  
. -57- 
where 
n-o 
-6 D2(5) = e F (2:1:6) = e 
1 1  
n=o 
wi th  6 = (m') and 7 7 . It should be  noted t h a t  D2 can a l s o  
be  expressed a s  
01 
D = 1 + 6  
2 
which can be v e r i f i e d  as follows: 
n=o n=0 
n=o 
(B .28) 
n=o I =o 
which i s  nothing but  Eqs.B.2".  I n  view o f  t h e  f a c t  t h a t  R 
expressed i n k e m s  of r a s  
can be 
P9 
P9 
-58 - 
t a ined  
1 7  
~~ 
. -59- 
w h e r e  
I 9 = &V?l - Y) (; + P) , 
6 = m 2  , 0 = 6D , p =  (D -1) , v [ l - D ( l + S ) ]  , 
1 1 1 
(B.32) 
w h e r e  D i s  given i n  Eqs. B.27. 
1 
-60 - 
- B . 3  Derivat ion - of Q. - 37 
From E q s  34 
( l / V 2 ) ,  and from E q s .  36 under cond i t ion  6 <'< 1 
9 
62 
9 6 
2Pq + Eq = 0 , (2-1) = (3-1), 2 L l q + B q  = - 2 '  
Using t h e  above approximation, Eqs. 29 become 
-61 - 
22 = - & I x q [ +  + $ ( 6  + (1 - Yq)3  11' 
c 
B.4 Derivat ion of Eq. 43 - - -
For a n e u t r a l  homogeneous e l e c t r o n  gas i n  which i o n  motion i s  
negl ig ib le ,  Eq. 26 can be expanded i n t o  the  fol lowing form: 
-62 - 
2 x3 + 7Ql + Y2@J - x2 (Yo + Y17 + Y2Y ) @O (1 - d2 (1 - d2 
X2 X + 7 A  ) + (LOX - 1) = 0 , 
1 
- .- ('Io + 7n1) + @o 
(B.36) 
where 
- 
Qo = LOYO , 
0 EZ LoYl + S(A D - A C ) , 
1 31 0 32 0 
Q 3 LoY2 + S(A D - A C ) , 
n 0 LOAo 
2 3,- 1 32 1 
= L ~ A ,  - S ( A  A - A  A ) , 
1 13 31 23 32 
w i t h  
t 
n I T  - S 2 r I i l  , 
11 22 12 21 
[(TI A + IT A ) - S2(IT A + 'I A ) ]  , 
22 11 11 22 12 21 21 12 
( A  A - S2A A ) , 
11 22 12 21 
(.TI A -SIT A ) , 
11 23 21 13 
( A  A - 6 A  A ) 
11 23 21 13 
(SIT A - . T I  A ) , 
12  23 22 13 . 
( 6 A  A - A  A ) , 
12 23 22 13 
( 1 + 6 A )  
[l - (3/2>SlY2/(l - Y2> " 
r 
-63- 
For the  case i n  which 6 << 1, Eqs. 38 become 
> J  
1 
A = $ ( E +  . = -  
(1 + Y)" 11 
11 1 + y  ' 
1 - -  6Y .*) 
A 13 = L ( 2 -  2 (1 + Y ) 2  ) ' n  21 = (  2 1 + y  ' 
A = +(i--- 8Y ) , .  = -  1 
21 2 22 1 - Y  (1 + Y)" 
) ,  A = L ( 2 -  A = $ ( E +  1 
23 2 (1 - Y)" 22 
A = (1-F 6Y ) ,  A = ( l + ~  6Y 
31 (1 + Y)' 32 
L = 1 .  0 (B .38) 
S u b s t i t u t i n g  Eqs. ~ . 3 8  i n t o  Eqs.  B.37 yields: 
-64 - 
c 
Q = 1 ( 1 +  Y2 - 6Y4 - E2Y6) , 
E3 1 
1 Y = - (1 + Y2 + 6 Y 4  + $ye) , 
E3 1 
1 Y = - (1 + 68Y2 - Ej3y4) , 
4t3 2 
1 A = - (1 9 3Y2 + 3SY4 - 6Y6) . 
E3 1 
I n  view of the f a c t  t h a t  i n  t he  present d i scuss ion  
[ i  .e ., condition ( 3 2 )  3 ,  it can be e a s i l y  shown t h a t  
r2 << 1. i s  assumed 
CD + y2@ = 0 and \yo + y2\y = yo , (B.40) 
0 2 0 2 
and using .the f a c t  t h a t  (267Y4/E3) << (l/E), s ince  y2 << 1 and 6 << 1, the 
terms involving 6Y4 Ln the  expressions @ , TT and A can be neglected 
1 1 1 
so t h a t  Eqs. B.39 become Eqs. 44, 
LIST -OF - REFERF;NCES 
1. Bailey, V. A . ,  "Plane Waves i n  an Ionized Gas with S t a t i c  Electr ic  
and Magnetic Field Present", Australian Jour. Sci.  Res., Series A, 
vel. 1, pp. 351-359; December, 1948. 
Bailey, V.  A . ,  "The Growing Circularly Polarized Waves i n  the Sun's  
Atmosphere and Their Escape in to  Space", Phys. Rev., vol .  78, No. 4, 
pp. 428; 1950. 
--
2. 
3 .  Twiss, R.  Q., "On Bailey's Theory of Amplified Circularly Polarized 
Wave i n  an Ionized Medium", Phys. Rev., vol.  84, No. 3, pp. 448-457; 
November 1, 1951. 
4 ., Piddington, J H. , "Growing Electromagnetic Waves", Phys . Rev. , vol.  
101, NO, 1, pp. 9-14; Jan~ary 1, 1956. 
5 .  Hsieh, H. C., "Dispersion Relations i n  a Fini te  Temperature Magneto- 
active Plasma", Tech. Report No. 95, Contract No. NsG 696, Electron 
Physics Laboratory, The University of Michigan, Ann Arborj September, 
1966 
6 0  St ix ,  To E., The Theory of Plasma Waves, McGraw-Hi11 Book Co., Inc ., 
New York; l 9 E  
7 .  Watson, G .  N., Theory of E s s e 1  Functions, The University Press, 
Cambridge, England; 19'-i5. 
8. Montgomery, D. C . and Tidman, D. A ., Plasma Kinetic Theory, McGraw- 
H i l l  Book Company, Inc ., New York; 1 9 r  
-65 - 
